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Abstract 
 
The prime objective of this paper is to quantitatively estimate seismic attenuation caused by 
fractures with different physical parameters. In seismic wave simulation, the fractured media are 
treated as the anisotropic media equivalently, and fractures are represented by frequency-dependent 
elastic constants. Based on numerical experiments with three different parameters: viscosity, 
porosity and the Lamé parameters, this paper has the following observations. First, seismic 
attenuation is not affected by the viscosity within fractures while it increases with the increase of 
porosity and decreases with the increase of the Lamé parameters within fractures. Among the latter 
two parameters, seismic attenuation is more sensitive to the Lamé parameters than to the porosity. 
Second, for the attenuation anisotropy, low frequencies have more anisotropic effect than high 
frequencies. For example, 50 Hz wavefield has the strongest anisotropy effect, if compared to 100 
and 150 Hz wavefields. The attenuation anisotropy for low frequency (say 50 Hz) is more sensitive 
to the viscosity than the porosity, and the Lamé parameters has the weakest effect among these three 
parameters. These observations suggest that low-frequency seismic attenuation and especially the 
attenuation anisotropy in low frequency would have great potential for fluid discrimination within 
fractured media.  
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Introduction 
 
Fractures are a critically important element in reservoir characterisation and for the efficient development. 
Hudson et al. (1996) and Chapman (2003) developed theoretical models of the attenuation, caused by sparse 
concentration of saturated penny-shaped fractures. Shen and Toksöz (2000) studied scattering characteristics 
in fractured reservoirs, using the coherent part of reflected seismic waves, and pointed out that attenuation 
can be determined from the scattering characteristics in fractured reservoirs. Based on seismic attenuation, 
Rao and Wang (2009) reconstructed fracture distribution using waveform tomography.   
In fractured reservoirs, the fluid filled in fractures causes frequency-dependent wave attenuation, which 
could show significant effects on observed seismic wavefields (Thomsen 1995; Hudson et al. 2001; Tod 
2001; Maultzsch et al. 2003). Based on Biot’s theory of poroelasticity (Biot 1962), Brajanovski et al. (2005) 
pointed out that saturated fractures cause significant attenuation due to wave-induced fluid flow between 
fractures. In addition, the elastic properties of fractured media are depended upon the isolated fluid-filled 
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fractures in a solid background at high frequencies. But at low frequencies, the elastic properties of fractured 
media satisfy anisotropic Gassmann (or Brown–Korringa) theory applied to a porous material with linear-slip 
interfaces. Vlastos et al. (2007) showed that scattering attenuation is not only frequency dependent but also 
related to the direction of propagation and the orientation of the fractures. That is the attenuation anisotropy.  
Most of the previous work focused on the effect of the geometric property of fractures. The prime 
objective of this paper is to quantitatively evaluate wave attenuation caused by fractures defined with 
different physical parameters, such as viscosity, porosity and the Lamé parameters, within the fractures. 
Frequency-dependent seismic response of fractures is simulated by wave equation modelling in the 
equivalent anisotropic media, in which fractures are incorporated into finite-differencing grids using an 
effective medium theory (Coates and Schoenberg 1995; Liu et al. 2000; Hudson et al. 2001). This theory can 
deal with fracture scattering without having any limitation on the number of fractures within the media  
We attempt to investigate fractures that have characters of continuous, parallel-walled layers, filled with 
weak solid (Liu et al. 2000; Hall and Wang 2012). These fractures can be a good representation of common 
hydraulic fractures, to allow fluids (water, oil or gas) to flow more readily to the wellbore (Liu and Martinez 
2013). Physically, the elastic constants that represent these fractures are frequency-dependent. Therefore, a 
frequency-domain wave equation method is used in this paper to investigate seismic wave propagations in 
general anisotropic media which take account of fractures.  
This paper numerically evaluates the effects of viscosity, porosity, Lamé parameters within fractures, and 
plane wave frequencies on the horizontal attenuation, the vertical attenuation, and the attenuation anisotropy 
by analysing the scattered wavefield that propagates through a cluster of fractures. The investigation reveals 
that low-frequency attenuation and especially the attenuation anisotropy at low frequencies would have a 
great potential for fluid discrimination within fractured media.  
 
Seismic response of fractures 
 
Frequency-domain wave equations in two dimensional (2-D) space are defined as (Hall and Wang 2009; 
Wang 2011) 
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where u  and v  are the horizontal and vertical displacements,   is the angular frequency,   is the bulk 
density, and ijc  are the elastic constants of the stiffness tensor in Hook’s law.  
For a 2-D model, discretising equation (1) with a second-order finite-differencing scheme yields a matrix-
vector equation as 
sMu  ,                                                                      (2) 
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where M  is a complex-valued matrix approximating partial differential operators, u is a vector representing 
the two displacement components over all node points, and s  is a vector representing a source term (zero 
everywhere except at the grid of the source). In order to improve the accuracy, a 45º rotated coordinate frame 
is combined to the original second-order finite-differencing star. This coupling produces an equivalent 
accuracy of a fourth-order finite-differencing scheme (Štekl and Pratt 1998).  
Figure 1a is a corner-edge model designed for testing the quality of a finite difference scheme (Hall and 
Wang 2009). The P-wave velocity of the upper medium is 1500 m/s and S-wave velocity is 865 m/s, while 
the lower corner medium has a P-wave velocity of 3000 m/s and S-wave velocity of 1730 m/s. The density of 
the medium is  = 2500 kg/m3. In a homogeneous, isotropic media,  3311 cc  2 ,  3113 cc  and 55c , where  and   are Lamé parameters, and  5115 cc  05335  cc . A P-wave point source is used 
for this wave simulation. Figures 1b and 1c show snapshots of horizontal and vertical components, 
respectively, which show clear features of reflections, refractions and diffractions. When the wavefront 
reaches the corner, part of the energy is transmitted into the corner block, and part is reflected back from both 
sides of the corner. The diffracted energy from the corner can also be observed. For the four artificial model 
boundaries, as a 45 degree absorbing boundary condition is used, there are no significant boundary 
reflections. This example demonstrates the effectiveness of the frequency-domain wave equation method.  
 
 
 
(a) 
 
                   
(b)                                                                                        (c) 
 
Figure 1.  (a) The geometry of a corner-edge model. (b, c) Snapshot of horizontal and vertical components of wave 
propagation after time 625 ms.  
 
 
One of the advantages of the frequency-domain modelling method is the convenience to take account of 
any frequency-dependent effect such as attenuation in waveform modelling by simply replacing real-valued 
variables with complex valued variables in the wave equation (Rao and Wang, 2009; Wang and Rao 2009). 
For modelling fractured media, a fracture is expressed as a boundary with discontinuous displacement and 
continuous stress, and fractured media are represented as anisotropic media, by using the equivalent media 
theory (Schoenberg 1980; Coates and Schoenberg 1995; Liu et al. 2000). Then the elastic constants ijc  are 
given as the following (Schoenberg 1980), 
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Physical meanings of all involved parameters are given as the following: 
1)   and  , the Lamé parameters of background materials. Note that if   is set to zero, constants ijc  
represents locally the isotropic, homogeneous medium.  
2)  , the porosity of the fractured material which is defined as (Liu et al. 2000)  
V
SdN f ,                                                                    (4) 
where d  is the average fracture aperture, fN  is the number of fractures within the fractured region, V  
is the volume of fractured region, and S  is the mean area of fractures.  
3) NC  and TC , dimensionless parameters defined by the shear module   normalised by Lamé parameters 
and viscosity inside the fracture, as (Schoenberg 1980; Liu et al. 2000) 
, 
,
2 3
4
ff
T
fff
N
i
C
i
C






                                                          (5) 
where f  and f  are the Lamé parameters of the infill materials including fluid, and f  is their 
viscosity.  
 
Analysing equation (5), we have the following observations: 
1) As NC  and TC  for representing fractures are frequency dependent, all elastic constants ijc  in equation 
(2) are frequency dependent. Thus we implement wave simulation in the frequency domain. The elastic 
constants are also complex valued, because of complex values NC  and TC . 
2) For a given ,f its actual effect depends upon the frequency. Generally speaking, the latter acts as a 
scalar working on the viscosity.  
3) Let us re-write equation (5) as )exp(|| NNN iCC   and )exp(|| TTT iCC  , we have the amplitudes 
as 
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These quantities indicate that viscosity f  of the infill materials does not have much effect, compared to 
the potential effect of the Lamé parameters f  and f . This is because, in the two denominators, the 
magnitude of f  and f  is about 510 - 610  order and the magnitude of f  is about 110  - 010  order, 
and in seismic band the frequency has the magnitude order of 010  - 210 .  
4) Equation (6) also suggests that the effect of the Lamé parameters can be seen more clearly in low 
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frequencies, where 2)( f  is small in comparison to 2)2( ff    or 2f .   
5) We also have the phase terms defined as  
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These quantities suggest that viscosity f  will cause linear phase delay (negative valued) for plane 
waves with various frequencies. According to the definition of seismic quality factor, Q, this phase delay 
(i.e. the ratio of the imaginary part to the real part) is a measurement of seismic attenuation, 1Q  (Wang 
2008).  
 
This current study is on wet fractures. So compared to Vlastos et al. (2007), Rao and Wang (2009), and 
Hall and Wang (2012), the crack density is replaced with porosity within the fracture, and two constants 
representing a compact cluster of dry cracks are replaced with NC  and TC , to represent fluid filled fractures.  
Note that the definition above assumes that fractures are parallel to the direction of 11c . Therefore, a 
rotation matrix should be applied to model fractures with different orientations. As pointed out by Hall and 
Wang (2012), the Love notation of the elastic constant as second order ijc , although a convenient form, is not 
a true second order tensor and cannot be rotated as such in the finite difference grid. It is necessary to return 
to the original full, fourth order tensor ijkc , before applying rotation.  
 
Seismic attenuation caused by fractures 
 
Equations (3) and (5) indicate that, in general, porosity  , viscosity f  and the Lamé parameters ff  2  
of fracture infill materials have direct effects on the wavefield. We are going to evaluate the attenuation effect 
with respect to these parameters.  
For the following tests, we build a model of 800×800 m2 in size (Figure 2a). The background solid matrix 
(without fractures) has P-wave velocity PV  = 4000 m/s, S-wave velocity SV  = 2000 m/s, and density   = 
2500 kg/m3. The corresponding Lamé parameters are 7102  KPa and  710  KPa.  
For fractures, the porosity is set to be 10%, the viscosity f  is 0.5 KPa·s, and the Lamé parameters 
ff  2 = 610  KPa. The horizontal and vertical components of a plane wavefield for a P-wave source 
propagation with frequency of 150 Hz are displayed in Figures 2b and 2c, respectively. 
When considering attenuation, 1Q , the plane wavefield may be expressed as (Wang 2004) 


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ωrArA
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exp)( 0 ,                                                     (8) 
where )(rA  is the amplitude at distance r , 0A  is the initial amplitude at reference point 0r , and Rc  is 
the real-valued velocity. Equation (8) indicates that, although Q is frequency independent, the attenuation is 
frequency dependent. Note that 0A  is also the amplitude at distance r  without any attenuation, 0
1 Q . 
That is, 001|)( ArA Q  . Diffraction of fractures causes wave attenuation. Therefore, the attenuation can be 
extracted by   
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In the following experiments, this attenuation measurement of the horizontal component wavefield is 
defined as 1xQ , and that of the vertical component wavefield is defined as .
1
zQ   
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(a) 
          
(b)                                                                                   (c) 
Figure 2.  (a) A fractured model with random fracture distribution. (b) The horizontal component of the plane wave 
field. (c) The vertical components. The mono-frequency is 150 Hz.  
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If the background wavefield is normalised to the unity, 0]ln[ 20 A , then the attenuation anisotropy is 
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Here the wavefield is also rescaled with the same weight to the background wavefield.  
Note the practicality of definitions in this paper for both the attenuation and its anisotropy. Seismic waves 
propagate away spherically from a single point source, and the horizontal and vertical components u and v are 
used to measure the attenuations 1xQ  and 
1
zQ , respectively. If both 
1
xQ  and 
1
zQ  can be evaluated from 
the horizontal and vertical components of field seismic data, the ratio of 1xQ  and 
1
zQ  can pragmatically 
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reflect the directional variation of the attenuation. The property variation versus the direction is generally 
referred to the anisotropy.  
Theoretically, the horizontal attenuation (say 111
Q ) ought to be measured from a plane-wave propagating 
parallel to the fracture direction, and the vertical attenuation ( 133
Q ) should be measured from a plane-wave 
propagating perpendicularly to the fracture direction (Carcione 2000). Then the anisotropy should be defined 
by the ratio of 111
Q  and 133
Q  (Zhu and Tsvankin 2007). However, how to measure these theoretical quantities 
from field seismic data, which are generated from point sources, is an unsolved issue. Yet the relationship 
between ( 1xQ , 
1
zQ ) and (
1
11
Q , 133
Q ) is not established either.  
Figure 3 shows the horizontal attenuation 1xQ  and the vertical attenuation 
1
zQ  extracted from 
components in Figures 2b and 2c, respectively. The negative value (in red) along the horizontal direction in 
Figure 3a might be the interference caused by post-critical reflections (with the incident angles towards 
nearly 90o), and the negative value along the vertical direction in Figure 3b might be the interference of 
multiples between fractures. For the attenuation evaluation, to avoid these interferences, the energy in a 240
×240 m2 window at the right-bottom corner is selected to calculate the average attenuation. 
Three parameters, i.e. viscosity, porosity and Lamé parameters of infill materials including fluid, will be 
tested to find out the key dynamic parameters of fractures that affects seismic attenuation.  
 
 
       
(a)                                                                               (b) 
 
Figure 3.  (a) The horizontal attenuation 1xQ . (b) The vertical attenuation 
1
zQ . They are evaluated from the 
horizontal and vertical components (Figures 2b and 2c, respectively) of the plane wavefield.  
 
 
 
The effect of viscosity  
 
Viscosity is a fluid property indicating resistance of the fluid to deforming due to a shear force. It can also be 
considered to be a measurement of fluid resistance to flowing. Thick oil generally has a viscosity > 0.050 
Pa·s, and for reference, viscosity of bitumen can have a much high viscosity up to 1 KPa·s.  
Figure 4 shows the horizontal attenuation 1xQ , the vertical attenuation 
1
zQ , and the attenuation 
anisotropy   extracted from synthetic wavefield. The porosity   inside fractures is set to be 50%, and 
 ff  2  510  KPa. Both Figures 4a and 4b indicate that either 1xQ  or 1zQ  do not show any dependency 
on the variation in viscosity f . As discussed in equation (6), because of the magnitude order difference 
between the viscosity and the Lamé parameters, the viscosity has no effect on || NC  and || TC  and in turn on 
the elastic constants ijC .  
However, for low frequency (100 Hz), the magnitudes of 1xQ  and 
1
zQ  are different. They lead to a 
significant anisotropic effect in the attenuation. For frequency 50 Hz, the value 1zQ  is almost zero (very 
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small negative value), and the anisotropic effect   would be much more significant (towards infinite). These 
two curves ( 1zQ  and   for frequency 50 Hz) could not plotted inside the frame, and thus not be shown in the 
figure.  
 
 
 
              
(a)                                                                           (b) 
 
(c) 
Figure 4. The effect of viscosity inside fractures: (a) the horizontal attenuation 1xQ , (b) the vertical attenuation 
1
zQ , 
and (c) the attenuation anisotropy  . In the model, the porosity inside of fractures is 50% and ff  2 = 510  KPa. 
The frequencies are 50 Hz (circles), 100 Hz (squares) and 150 Hz (triangles), respectively. For frequency 50 Hz, 1zQ  is 
almost zero and   would be infinite. These two curves could not plotted inside the frame. 
 
 
 
The effect of porosity  
 
Figures 5a and 5b show the relationship between porosity, 1xQ  and 
1
zQ , and the attenuation for different 
plane waves with frequency of 50, 100 and 150 Hz. Both attenuation 1xQ  and 
1
zQ  are increased as porosity 
increasing. When %30 , the attenuation 1zQ  increases fast. Whereas %30 , it increases slowly. 
According to equation (3), porosity   acts through the following inverse factor,  
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In this example,  =2 710  Kpa,  = 710  Kpa, and )2( ff   = 610  Kpa. The porosity is varied from 10 to 
90% inside fractures. 
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This expression might offer us some insight on the inverse property of the porosity effect.  
Figure 5c visualizes that the attenuation anisotropy   has no dependency on porosity  . However, it 
indicates clearly that the porosity has a significant effect on the attenuation anisotropy when the frequency is 
50 Hz, but has less effect to the attenuation anisotropy, when frequency is either 100 or 150 Hz.  
 
 
 
             
(a)                                                                                   (b) 
 
(c) 
Figure 5. The effect of porosity within fractures: (a) the horizontal attenuation 1xQ , (b) the vertical attenuation 
1
zQ , 
and (c) the attenuation anisotropy  . Measurements are extracted from plane wavefields with frequencies of 50 Hz 
(circles), 100 Hz (squares) and 150 Hz (triangles), respectively. In the model, viscosity f  of infill fluid is 0.3 kPa.s. 
 
 
The effect of Lamé parameters  
 
Figures 6a and 6b show that the Lamé parameters ff  2  have a direct effect on the attenuation. For all 
three sample frequencies, 50, 100 or 150 Hz, both the horizontal attenuation 1xQ  and the vertical attenuation 
1
zQ  are decreased when ff  2  within the fracture increases.  
Figure 6c visualizes that the attenuation anisotropy   has a negligible dependency on the variation of the 
Lamé parameters )2( ff   , and that it has higher anisotropy effect for frequency 50 Hz than others with 
100 and 150 Hz.  
In this example, the porosity   is fixed to 10%, and other parameters are set as the same as that used in 
Figure 5. The Lamé parameter )2( ff    varies from 1 to 9 610  KPa.  
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(a)                                      (b) 
 
 
(c) 
Figure 6. The effect of Lamé parameters on (a) the horizontal attenuation 1xQ , (b) the vertical attenuation 
1
zQ , and (c) 
the attenuation anisotropy  . The values are extracted from plane wavefield with frequencies of 50 Hz (circles), 100 Hz 
(squares) and 150 Hz (triangles).  
 
 
 
In summary, for any single frequency, the attenuation anisotropy has a limited sensitivity to the value 
variation of any parameter, while for different frequencies, low-frequency results show stronger anisotropy 
attenuation for all three parameters.  
 
Conclusions  
 
Wave propagation through fractured media is simulated using a frequency-domain wave equation method. 
The media are treated as the effective anisotropic media, and fractures are represented by frequency-
dependent elastic constants. The effects of fractured materials are measured numerically based on the 
attenuation, and the attenuation anisotropy. 
Regarding to the attenuation, the investigation reveals the following conclusions: 
1) The variation in viscosity f  within fractures has no obvious effect on the attenuation. When porosity   
increases, the attenuation is increased. When Lamé parameters )2( ff    increases, the attenuation is 
decreased.  
2) Seismic attenuation is more sensitive to the Lamé parameters )2( ff    than to porosity, and has a 
very limited sensitivity to the viscosity.  
Regarding to the attenuation anisotropy, the numerical evaluation suggests that  
3) The variation in the attenuation anisotropy has no direct dependency on the variation of all of three types 
of parameters, but the magnitude of the attenuation anisotropy depends on the frequency.   
4) Low frequencies have more anisotropic effect than high frequencies, and 50 Hz has the strongest 
anisotropy effect if compared to 100 and 150 Hz.  
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5) The attenuation anisotropy for a low frequency (say 50 Hz) is more sensitive to the viscosity than to the 
porosity, and the Lamé parameters has the weakest effect on the anisotropy among these three 
parameters.  
This numerical investigation suggests that low-frequency attenuation and especially the attenuation 
anisotropy are key measurements for detecting fluid within fractured media.  
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